Abstract-Unmanned aerial vehicles provide new opportunities for performance improvements in future wireless communications systems. For example, they can act as relays that extend the range of a communication link and improve the capacity. Unlike conventional relays that are deployed at fixed locations, UAVs can change their positions to optimize the capacity or range on demand. In this paper, we consider using a swarm of UAVs as amplify-and-forward MIMO relays to provide connectivity between an obstructed multi-antenna equipped source and destination. We start by optimizing UAV placement for the single antenna case, and analyze its dependence on the noise introduced by the relay, its gain, and transmit power constraint. We extend our analysis for an arbitrary UAV swarm and show how the MIMO link capacity can be optimized by changing the distance of the swarm to the source and the destination. Then, we consider the effect of optimizing the positions of the UAVs within the swarm and derive an upper bound for the capacity at any given placement of the swarm. We also propose a simple near optimal approach to find the positions that optimize the capacity for the end-to-end link given that the source and the destination have uniform rectangular arrays.
I. INTRODUCTION
Due to their mobility and low cost, unmanned aerial vehicles (UAVs) have found their way to many applications in recent years. Examples include package delivery, law enforcement, search and rescue, etc. Driven by this demand, UAVs are expected to become more prevalent, which will further drive the development of this technology and demand regulations that will allow for higher presence of UAVs in the low-altitude air space. Following this trend, UAVs are getting an increased attention in the telecommunications sector due to the multitude of opportunities they can provide [1] . Using UAVs has recently emerged as an idea to respond to high localized traffic demands in next generation cellular networks [2] - [4] . Beyond using UAVs as basestations, UAVs can be used as relays to extend the range of communication, boost capacity, or as a substitute for failed infrastructure in case of disasters.
Wireless relaying is one of the classical ways to improve data rates, while increasing reliability by combating shadowing. By using more than one relay along with multiple antennas at the source and the destination, multiple-input multiple-output (MIMO) relay networks are able to boost the capacity [5] . Traditionally, relaying approaches relied on using fixed relays. However, fixed relays, typically deployed on the ground, are unable to meet fluctuating demands or respond to failures in communications infrastructure. Deploying relays on UAVs provides new opportunity to exploit agility of motion of UAVs and the capacity improvements offered by wireless relays.
UAVs typically fly at altitudes of a few hundred feet above the ground, which could provide a line-of-sight (LOS) channel between an obstructed source and destination. By using multiple UAVs along with multiple antennas at the source and the destination, MIMO capacity gains can be leveraged. The MIMO capacity of this end-to-end link depends on the placement of UAVs, as they directly affect both the source-to-UAV and the UAV-to-destination channels. Hence, by optimizing the placement of individual UAVs within the swarm, capacity can be improved.
There is a significant interest in using UAVs as relays in recent literature. In [6] , the authors considered the optimal placement of a UAV relay that minimizes the outage probability. Other works have addressed the problem of finding the optimal trajectory and transmit power of a mobile relay [7] , [8] . In [9] , the authors show that positioning a UAV asymmetrically between two ground nodes could result in better service than with a UAV placed at the center position when using stepwise adaptive modulation. All these works have only considered a single UAV relay and do not apply to MIMO links. In [10] , algorithms for optimizing the placement of a UAV swarm were developed, but here only a single-hop link was considered. The placement of multiple UAVs as relays in double and multiple hop relay networks was optimized in [11] . However, this work assumes that only a single UAV is transmitting at a time, thus full MIMO gains are not leveraged. In [12] , the placement of multiple UAV relays in a dynamic channel is analyzed but the source and destination are assumed to have only single antennas.
In this work, we study the effect of changing the positions and the arrangement of a UAV swarm acting as amplify-andforward relay cluster between a multiple antenna transmitter and receiver under an obstructed direct link. We also propose a method for optimizing the channel capacity by controlling the placement of the UAV relays. We start by considering the single antenna case and show how the UAV relay design parameters such as amplification gain and noise figure affect its position for maximized capacity. We derive an upper bound for the achievable capacity in case of a UAV swarm, and show that the single antenna analysis can be extended to the UAV swarm case. For the swarm, we demonstrate the gains of optimizing positions of the UAVs within the swarm and we propose a simple approach to find the positions that can attain the upper bound for a transmitter and receiver consisting of a uniform rectangular array for some separations between the swarm and the transmitter, while giving a better capacity than random placement on the average for all separations.
The rest of the paper is organized as follows. We start by defining the system model used throughout this work in Section II. An analysis for the capacity that can be obtained by a single UAV or a UAV swarm is presented in Section III, while Section IV proposes a method to find this placement for URA source and destination. Simulation results analyzing impact of the UAV swarm placement and configuration are presented in Section V. Section VI concludes the paper and presents directions for future research.
II. SYSTEM MODEL
We consider a link between a transmitter with N T antennas and a receiver with N R antennas separated by a distance R. We assume that direct communication between the transmitter and the receiver is not possible due to obstructions. We use N U UAVs, each equipped with a single-antenna, to enable this link and maximize its capacity. Each UAV acts as an amplifyand-forward relay which simply receives the signal, amplifies, and re-transmits it in a synchronized manner.
The channel between the transmitter and the UAVs is denoted by H 1 ∈ C NU×NT , while the channel between the UAVs and the receiver is denoted by H 2 ∈ C NR×NU . We assume that both channels are strong line-of-sight (LOS) channels where each element is given by
and λ is the wavelength of the signal and d i,j is the distance between antenna i and j at transmitter, relay or receiver. The signal sent by the transmitter is given by x T = α T s where s are the transmitted symbols having an identity covariance matrix, α T = √ P T , and P T is the transmitted power. The signal received at the UAVs is given by
where n U ∈ C NU is additive white Gaussian noise with covariance σ 2 U I. The signal received by the UAVs is amplified and transmitted as x U = Dy U , where D is the amplification matrix which is defined as D = diag{α 1 , · · · , α NU } where α i is the gain of the ith UAV. The signal received at the destination is
where n R is the additive white Gaussian noise with variance σ 2 R . We assume that σ 2 R = σ 2 where σ 2 is the thermal noise and σ 2 U = f U σ 2 where f U is the noise figure of the relay (the ratio between the input and output SNR). The noise covariance matrix of the end-to-end channel is Σ = (σ
The theoretical MIMO capacity of this end-to-end link is given by
We consider two practical constraints on the relay amplifier. First, it has a maximum transmit power that it cannot exceed given by P max U . Second, it has a maximum value of amplification gain given by α max U . This translates to the following constraints:
The problem of interest is to find the placement of the UAVs which will maximize the capacity given by (3) while realizing the power and gain constraints. Optimizing power allocations for MIMO relays has been studied extensively in the literature (see [13] and the references within), so in this work we focus on UAV placement and use simple strategies to set the gains of the UAVs. Namely, we assume that all UAVs have the same gain D = α U I, which is of practical interest for simplified radio design in UAV relays and the reduced overhead of power allocation and control.
III. CAPACITY ANALYSIS

A. Single UAV relay
We will start with the simple case of N T = N R = N U = 1 in order to gain insights about optimal placements of an UAV relay based on gain and power constraints. We can identify two regions, the first where the UAV is closer to the transmitter and is limited by the maximum power it can transmit and the second where it is limited by the maximum gain. For the region of maximum gain, the expression for the capacity simplifies to
Solving for the maximas we get
As for the second solution R
1 , its existence in the feasible region [0, R] requires that relay gain α U and noise figure f U have low values. If these constants have a high value, i.e, the noise figure is too high or the amplification (which also amplifies the noise) is too high, there will be no feasible second root and the optimal capacity will be to move the relay closer to the transmitter.
Under maximum power constraint, we set α
T |h1| 2 , and capacity becomes
The maximum capacity is achieved at
We can see from this expression that the optimal R 1 that maximizes capacity gets closer to the transmitter as we increase the noise figure of the UAVs or increase its maximum transmit power (which would lead to noise amplification).
B. UAV Swarm Relay
In this section, we derive an upper bound for the capacity of the UAV swarm MIMO relay, then we propose a method to achieve that capacity. Assuming all UAVs have the same gain, the capacity becomes
Finding the position of UAV swarm and placement of UAVs within the swarm that maximize this capacity is a challenging problem in general. The magnitude and phase of each element of both H 1 and H 2 depend on distance between transmitter, UAV and receiver antennas. We start our analysis by observing that this capacity is equivalent to the capacity of the channel
In the following, we derive the conditions on H 1 and H 2 that maximize the capacity. 
, and it is reached whenH has orthogonal columns.
Proof. The proof follows from the proof for a non-relay channel. The reader is referred to [14, p. 295] for the details of the latter proof.
There are many candidates for the matrices H 1 and H 2 , and effectively positions of UAVs, that can realize this condition onH. From the expression forH, we can observe that one way to achieve this is to have H 1 have orthogonal columns and H 2 have orthogonal columns. We now derive a capacity equation for the case when this condition is satisfied. Proof. From the proof of Theorem 1 we know that C ≤ K log(1+
Theorem 2. An upper bound on the capacity of the channel
. Furthermore, we can expand the trace term as
by the singular value decomposition, then
Tr((HH
and that this upper bound is satisfied in two cases. The first one is when U H 1 V 2 is the identity matrix. The second case is when ψ 1,i are all equal and ψ 2,i are equal, i.e. H 1 and H 2 have orthogonal columns. Finally, using (9) and Theorem 1 we can establish that
and the bound is achieved when H 1 and H 2 both have orthogonal columns.
In the far field region, where the UAVs are at a large distance from the transmitter and the receiver compared to the relative size of the swarm, the magnitudes of channel coefficients in H 1 and H 2 depend on R 1 only. We can rewrite as H 1 ≈ 
where ψ 1 = max(N T , N U ) is the repeated singular value of H 1 and ψ 2 = max(N U , N R ) is the repeated singular value of H 2 . The optimization becomes similar to the single UAV relay case given in (4) . Note that this results holds only in the far field and the power received by each UAV and the destination antennas is almost equal. For small values of R 1 or values of R 1 close to R, this relation is a loose upper bound.
IV. PROPOSED METHOD
In this section, we propose a method to find positions that optimize the channel capacity for a UAV relay swarm. For a single UAV, to find the optimal value of R 1 , we only need to evaluate the capacity at the roots derived in (7) and (5) within their respective regions and at the end points of the regions and then take the maximum point.
For the UAV swarm, the problem is more challenging since changing the position of one UAV affects both channel matrices. Prior works have considered the problem of antenna array design for LoS MIMO between one transmitter and one receiver. Unfortunately, the geometry of the optimal receiver array depends on the geometry of the transmitter array. For this work, we assume that both the source and destination antennas in our problem consist of uniform rectangular arrays (URAs). The transmit antennas consists of N T = N If we only consider the first hop, the optimal capacity over this link occurs when the channel H 1 is orthogonal. This can be achieved when the UAVs are placed in a parallel URA having spacing [15] 
for some integer m i under the condition that the distance R 1 is much larger than the dimension of the antennas, i.e, in the far field. Similarly, for the second hop for some integer
If we find a value of d U for a given R 1 , which satisfies both relations at the far field of both antennas, we can attain the capacity given in (11) . An example where this relation applies is when R 1 = R/2 and both the transmit and receive antennas have identical shapes (N
, then both equations (12) and (13) can be trivially realized. Unfortunately, such a value of d U does not exist for all R 1 . Additionally, the value of R 1 that maximizes the capacity given by (11) depends on the value of gains and noise figure similar to the single UAV case. To address this we propose the following simple search algorithm.
We propose a two-step approach that first optimizes over R 1 and then finds spacing d
U that maximizes the capacity. To find the optimal R 1 , we use the approach for a single UAV placement optimization. Then, to a find UAV spacing, we use the fact that the capacity is optimized by improving both links. Therefore, we search the values of spacings between the optimal d U and evaluate the capacity to find the spacing that results in a highest capacity.
V. SIMULATIONS
In this section, we aim to demonstrate the benefits of UAV placement optimization on the MIMO capacity and evaluate our proposed approach. The baseline scenario considered in the simulations assumes that the transmitter and receiver are 1 km apart. They operate at carrier frequency of 5 GHz over a narrowband channel. The transmitter power is set to P T = 12 dBm, while the total power of the UAV swarm is P max U = 0 dBm and α max U = 45 dB. The noise power corresponds to thermal noise with -174dBm/Hz over a bandwidth of 1 MHz. The UAVs are placed such that the lowest UAV has a height of 30 meters relative to the base of the transmit and receive antennas 2 . We start by considering the single UAV relay scenario, where N T = N R = N U = 1. Fig. 2 shows the capacity of a UAV as it moves between R 1 = 10m and R 1 = 990m.
In that case, we can identify two regions. In the first region, when the UAV is closer to the transmitter, the UAV needs to use a value of gain lower than the maximum gain in order to avoid exceeding the maximum power. As it moves further, it increases α U , thus compensating for the decay of h 1 . In that case the maxima, if any, would be given by Eq.(7). In the second region, the UAV reaches the maximum possible gain and it cannot further increase its amplification. In that case, the maxima, if exists within the region where the relation applies, would be given by Eq. (5).
For the UAV swarm relay, we consider the case where both the transmitter and receiver are 2 × 2 uniform rectangular arrays (URA) with 50 cm separation between antennas and a swarm consisting of 4 UAVs between the transmitter and receiver. Figures 3 and 4 show the capacities for different positions of the swarm and placements of UAVs within the swarm, assuming noise figures (NF) of 5 dB and 12 dB, respectively. In both figures, we show the upper bound given by (11) , in green color. It is interesting to note that capacities for single UAV relay and UAV swarm MIMO relay follow the same trend in the far-field regions. We also note that for small R 1 , the swarm is in near-field where assumptions used for deriving capacity bound (11) do not hold.
Next, we evaluate whether random placement of UAVs, within a square area of 80m width, can achieve the capacity upper bound. Results in Figures 3 and 4 show maximum, average, 5 th , and 95 th percentile over 5000 different placements at each R 1 . These results show that there exists random placement that achieves the upper bound in the region where the UAVs are in the far-field of both antennas. For small values of R 1 , when swarm is close to the transmitter, the gap between the upper bound and the obtained values is large. On the other hand, for large R 1 , the noise covariance in (3) becomes Σ ≈ (H 2 H H 2 ) −1 and the effect of H 2 cancels out, while conditions for far-field apply to H 1 . As a result, in the region where swarm is closer to the receiver, the gap between achievable capacity and upper bound is smaller.
We also evaluate whether proposed URA placement of UAVs can achieve the capacity upper bound. The results in Figures 3 and 4 show that there exists optimal URA placement that attains the upper bound around mid point, R 1 = R/2, as well as several values of R 1 , where both channels can be made orthogonal. Although the proposed UAV placement based on URA geometry does not always attain the upper bound, it can always achieve a capacity better than 95% of random placements.
In Fig. 5a and 5b we investigate the orthogonality conditions of H 1 and H 2 for different URA spacings. Fig. 5a shows the capacity and Fig. 5b shows the inverse condition number (ICN), ratio between the smallest and largest singular values, for both the matrices H 1 and H 2 . The ICN is equal to 1 when a matrix has orthogonal columns. From Fig. 5b , we can see that H 2 becomes orthogonal for two values of d U within that range (corresponding to two different values of n in (13) ) and H 1 becomes orthogonal at only one value. By sweeping the spacing in the range of d U 's that orthogonalize each channel, the algorithm can find the spacing that maximizes capacity.
VI. CONCLUSION AND FUTURE WORK
In this paper, we studied the capacity improvements of an obstructed MIMO link enabled by a UAV swarm acting as an amplify-and-forward MIMO relay under a line-of-sight channel. Our analysis revealed that significant gains can be achieved by optimizing the placement of the position of the entire swarm as well as the UAVs within the swarm. We derived an upper bound of the capacity for UAV swarm. An algorithm that approaches this upper bound is proposed for the URA transmitter and receiver cases. Further research is needed to find a tighter upper bound for a planar UAV swarm placement and algorithms to achieve it when the UAVs are closer to the transmitter or receiver. Additionally, joint optimization of power gains and locations is a promising approach to further improve capacity.
